Abstract. We deal here with the conjecture of Quantum Unique Ergodicity in a specific case. Rudnick and Sarnak showed in [5] that there is no strong scarring on closed geodesics for compact arithmetic congruence surfaces derived from quaternion division algebras (see theorem 1.1). We extend this theorem to a class ðK S 2 Þ of Riemannian manifolds X R ¼ G R nH 3 derived from quaternion division algebras, and show that there is no strong scarring on closed geodesics or on G R -closed imbedded totally geodesic surfaces in these manifolds (see theorem 4
Introduction
Let M be a Riemannian manifold of negative sectional curvature in dimension two or three and D the Laplace-Beltrami operator on M. We suppose that this operator has a discrete spectrum ðl k Þ k A N with l k ! k!y y, which is true at least in the compact case. We denote by ðf k Þ k A N the associated normalized eigenfunctions and by ðm k Þ k A N the corresponding probability measures given by dm k ðqÞ ¼ jf k ðqÞj 2 dvolðqÞ ð1:1Þ
They are actually the probability of presence of a particle in the state f k at q. The Quantum Unique Ergodicity Conjecture (see [6] ) states:
Conjecture. Let M be a Riemannian manifold of dimension two or three and of sectional curvature K < 0. Then dm k ! k!y dvol volðMÞ . A first step towards this conjecture was taken in [5] with the following result:
Definition. A probability measure n on M is called a quantum limit if there exists a sequence ðf j Þ j A N of normalized eigenfunctions of D in L 2 ðMÞ such that the measures jf j ðzÞj 2 dvol converge weakly towards dn.
Theorem 1.1. Let M ¼ GnH 2 be an arithmetic congruence surface derived from a quaternion algebra and n a quantum limit on M. If s ¼ singsupp n is contained in the union of a finite number of isolated points and closed geodesics, then s ¼ j.
In other words, there is no strong scarring (cf. [6] ) of eigenmodes on closed geodesics of the Riemannian manifold M. Actually, we restrict ourselves here to arithmetic quantum limits that are quantum limits arising from a sequence of joint eigenfunctions of the Laplacian and all Hecke operators. It is expected that the spectrum of the Laplacian on M is essentially simple, which justifies this restriction. A recent result from [2] establishes the Quantum Unique Ergodicity Conjecture for compact arithmetic congruence surfaces: Theorem 1.2. Let M ¼ GnH 2 with G a congruence lattice over Q. Then for compact M the only arithmetic quantum limit is the normalized volume dvol. For M not compact any arithmetic quantum limit is of the form c dvol with 0 a c a 1.
We briefly recall some useful notions and results from [5] §2.1. A correspondence C of order r on a Riemannian manifold X is a mapping from X to X r =S r such that CðxÞ ¼ ðS 1 ðxÞ; . . . ; S r ðxÞÞ, with S k A IsðX Þ for all k ¼ 1 . . . r. Here, S r is the symmetric group of order r. We also say that such a correspondence C separates a subset L of X if bz A X À L such that b!k A f1; . . . ; rg, S k ðzÞ A L. We shall denote by T C the associated operator of L 2 ðX Þ defined by T C ð f Þ : x 7 ! P r k¼1 f ðS k ðxÞÞ. Then we have: Proposition 1.1. Let L H X be a closed subset of zero volume and C be a correspondence on X that separates L. Let ðf j Þ j A N be a sequence of normalized eigenfunctions of T C such that dn ¼ lim j!y jf j ðzÞj 2 dvolðzÞ exists. Then singsupp n 0 L.
As we are interested in arithmetic quantum limits, we shall apply this proposition to joint eigenfunctions of the Laplacian D and all Hecke operators T C .
fz þ tj=z A C; t > 0g with the subset R l Ri l R þ j of the algebra of quaternions of Hamilton H ¼ R½1; i; j; k. This space is provided with the Riemannian hyperbolic metric ds 2 [4] , §4.6). The geodesics of H 3 are the half-circles centered on C located in vertical planes and the half-lines orthogonal to C. They are uniquely defined by their ending points in P 1 ðCÞ F C W y, that are the roots of a unique proportionality class of nondegenerate complex binary quadratic forms (cf. [5] §2.3): as in dimension two, this association is a bijection. Moreover the imbedded totally geodesic submanifolds (abbreviated itgs) of H 3 are the half-planes orthogonal to C and the half-spheres centered on C.
We know (cf. [4] §4.4) that Is þ ðH 3 Þ, the group of isometries of H 3 preserving the orientation, consists of the extensions to H 3 of the complex fractional linear transformations and is isomorphic to PSLð2; CÞ. The notion of axis of a hyperbolic element is the same as in dimension two (see [4] §4.7). We have the following action of SLð2; CÞ on H 3 H H, called the Poincaré extension 
and if c 0 0:
2.2 Algebraic complements
Number theory
For all notions of number theory, we refer to [3] chapter 7, §2 and §3.
Scarring of eigenstates in dimension three
Þ a quadratic extension and a A O K that is not a square. There exists a regular subset C H P of density greater than 1=4 such that for any prime ideal P of O K satisfying P X Z ¼ pZ with p A C, a is not a square modulo P.
Proof. Let us denote by A the set fP primes of O K =a is not a square modulo Pg, that has density 1=2, and by B the set f pZ ¼ P X Z=P A Ag of underlying ideals of Z. We shall divide B into three subsets B ¼ B 1 W B 2 W B 3 , respectively the sets of ideals that are inert, ramified or split.
An ideal pZ of B either splits ( pZ A B 3 ) and there are two prime ideals of A above it, or it is inert or ramified (pZ A B 1 W B 2 ) and there is only one above it. Therefore
Às
Because A has density 1=2, B contains a subset of density greater than 1=4.
Theorem 2.1. Let a 1 ; . . . ; a n A Z be 2-independent integers and z 1 ; . . . ; z n A fG1g fixed. There exist infinitely many p A P such that Ei ¼ 1 . . . n,
This follows from the application of theorem 7.13 from [3] to quadratic characters.
Proposition 2.2. Let a 1 ; . . . ; a n A ZnN. There exist infinitely many primes p such that
Proof. Let a 1 ; . . . ; a n A ZnN. If they are 2-independent, the result is straigtht forward by application of theorem 2.1. Otherwise, take a maximal 2-independent subfamily, that we can suppose to be a 1 ; . . . ; a m with 1 a m < n, after a relabelling. According to theorem 2.1, there exists infinitely many primes p such that
Let p be such a prime satisfying: Ei ¼ m þ 1 . . . n, a i D 0½ p, and let 1 a j a n À m. Because the selected 2-independent family is maximal, the elements a 1 ; . . . ; a m and a mþj are not 2-independent. After simplification
As a i < 0 for all i, then P m i¼1 x i is necessarily odd and
We can take any j with 1 a j a n À m, which ends the proof.
Quaternion algebras
We first refer to [1] §1 and §2 in this section.
Let a 0 1 and b be square-free integers. The quaternion algebra of type ða; bÞ on
We shall write any element of A as a ¼ x þ hW with x; h A F. We define a ¼ x F À hW the conjugate of a, TrðaÞ ¼ a þ a ¼ TrðxÞ A Q the trace of a and NðaÞ ¼ aa A Q its norm. If A has zero divisors, then A F Mð2; QÞ and we shall speak of matrix algebra. Otherwise, we have a division algebra. In any case, the mapping
provides the identification of A n F with Mð2; FÞ and leaves the trace and the norm (or determinant) invariant. Definition. An order I in A is a subring of A such that 1 A I, NðaÞ and TrðaÞ A Z for all a A I, and I has four linearly independent generators over Q.
Thus, it is a free Z-module of rank four of A that is stable under the conjugation. For 
As a consequence: bx 2 A O F , x 1 ¼ px 2 . In the same way, we show that:
Therefore a is not primitive, a contradiction which ends the proof of the proposition.
Let A be an indefinite quaternion algebra of type ða; bÞ on Q: by this, we mean that a > 0 or b > 0. We shall consider in the sequel orders of type ðq 1 ; q 2 Þ in A, which are principal and can be used to define modular correspondences (for more details, see [1] §3). For q 1 ¼ 1, they are the maximal orders, and we know that each order is contained in a maximal one.
Let Proof. We shall assume that a D 0½b, otherwise a is a square modulo b. If G R contains an elliptic element, there exists a ¼ x þ hW A I such that NðaÞ ¼ 1 and jTrðaÞj < 2. Since I is an order, TrðaÞ ¼ TrðxÞ 
Þ and after multiplication by the least common multiple of the denominators of y, z and t, we get Àay 02 ¼ 3E 2 þ bðz 02 À at 02 Þ with integers y 0 , z 0 and t 0 such that y 0 5z 0 5t 0 ¼ 1. Proceeding as in the case x ¼ 0, we deduce that one of the integers À3a or a is a square modulo b, which ends the proof of the proposition.
For all n A N such that n5q 1 q 2 ¼ 1, the set Rð1ÞnRðnÞ ¼ fG R a 1 ; . . . ; G R a r g is finite (cf. [1] §7) and we may define the modular correspondance of order n on the quotient space X R ¼ G R nH 3 by
f ðG R azÞ ð2:5Þ
They are bounded linear operators on L 2 ðX R Þ and satisfy the classical properties of the modular operators (self adjointness, commutation with the Laplace-Beltrami operator D, composition . . .). We shall only consider in the sequel modular correspondences C p and modular operators T p for p A Pnf2g.
Proposition 2.7. For p A P such that p5q 1 q 2 ¼ 1, we set jRð1ÞnRðpÞj ¼ m and denote Rð1ÞnRð pÞ ¼ fG R a 1 ; . . . ; G R a m g. Then we have: Ei, b! j such that a j a i A pRð1Þ and Ek 0 j, a k a i A R pr ðp 2 Þ.
Scarring of eigenstates in dimension three
Proof. For all n A N, as I is stable under the conjugation, the set RðnÞ is stable under the passage to the transpose of the comatrix, which corresponds to the inversion in
with a < 0 and b > 0 square-free integers, we consider an order I of type ðq 1 ; q 2 Þ such that G R acts freely on H 3 . This way, we get a class ðK 2 Þ of Riemannian manifolds X R ¼ G R nH 3 that have a sectional curvature K ¼ À1. This class ðK 2 Þ is far from being empty. Indeed, take a A Z À nfÀ1; À3g square-free and b A Pnf3g such that a is not a square modulo b: A is an indefinite division quaternion algebra according to proposition 2.3. For the action of G R to be free, we just have to impose that À1 and À3 are squares modulo b, by proposition 2.6. Given a fixed, theorem 2.1 shows that these three conditions modulo b are simultaneously satisfied by infinitely many primes b, because the negative integers a, À1 and À3 are 2-independent.
Definition. The class ðK S 2 Þ is the infinite set of ðK 2 Þ-manifolds such that
For example, we can take a ¼ À2, b ¼ 13 and I a maximal order containing
In the sequel of this work, we shall consider a manifold X R of the class ðK
Þ coincides with the complex conjugation because a < 0.
Proof. Let g ¼ x þ hW A G R be parabolic. By taking its opposite Àg if necessary, we may assume that
with x, y and z A Q. We have then
Let us multiply x, y and z by the least common multiple of their denominators and divide the obtained integers by their greatest common divisor. We get
The proof (see [4] §9.6 for a general form) uses only the discontinuity of the action of
Using this proposition, we get Lemma 3.2. Let F and G be two closed geodesics of
Imbedded surfaces in (K S

)-manifolds
The itgs of X R are quite simply the images under p R of those of H 3 , that are the halfspheres centered on C and the half-planes orthogonal to C.
Traces of itgs
Definition. Let S be an itgs of H 3 . Its trace C on C is the set of its limit points in C, that is C ¼ S X C.
The trace of an itgs of H 3 is then either a circle or straight line of C-i.e. a circle of P 1 ðCÞ. Moreover, each itgs is uniquely defined by its trace on C, whence
Proposition. There is a bijection between the itgs of H 3 and the circles of P 1 ðCÞ.
As a consequence, the action of an isometry on an itgs in H 3 is entirely determined by the former's action on the latter's trace in C, which is much more easy to deal with. In particular Proposition 3.3. Let S 1 and S 2 be two itgs of H 3 of traces C 1 and C 2 . Then
About closed itgs
The closed itgs of X R are the compact ones. The lifting to H 3 of a closed itgs of X R is called closed for G R . Then: Proposition 3.4. Let S be a closed itgs of X R and S be a lifting to H 3 . There exist a group G 0 H G R and a compact subset F H S with non zero area such that
Proof. The projection S ¼ p R ðSÞ being compact, there exists F H S compact and
, the set g Á S X S I g Á F has non zero area. As the itgs g Á S and S are half-planes or half-spheres,
From the definition of the class ðK S 2 Þ and proposition 3.1, we know that G R contains only hyperbolic elements except for fGIdg. Now G 0 0 fGIdg otherwise S ¼ F would be a compact itgs in H 3 , and we can find a hyperbolic element
Þ is invariant under the action of all the isometries induced by A n R: indeed, given g ¼ x þ hW A A n R such that NðgÞ ¼ jxj 2 À bjhj 2 0 0, we have
We also denote by S o its projection in X R . Unfortunately, as we shall see in Appendix A, it is the only closed itgs of X R : indeed, the subgroup G 0 H G R leaving an itgs S invariant is generically a oneparameter group.
Notion of G R -closed itgs
By analogy with the closed geodesics of X R , whose liftings to H 3 are invariant under a hyperbolic element of G R , we define the following notion:
The closed itgs are G R -closed, but the converse is false. Indeed, we shall show in Appendix B the existence of infinitely many G R -closed itgs in H 3 , then verify that their projections define infinitely many distinct itgs of X R . Therefore, there are infinitely many G R -closed itgs in X R .
Lemma 3.3. Let S 1 and S 2 be to distinct G R -closed itgs of X R . Then we have area
Proof. In a Riemannian manifold, two distinct itgs intersect transversally, because an itgs is entirely defined by a point and the tangent space at this point. Then their intersection, if not empty, has dimension one, hence has zero area. Just be aware that the notion of area is here inherent to the manifold S 1 provided with the Riemannian metric induced by H 3 : we can indeed only mention the area of subsets of twodimensional imbedded manifolds of X R .
Definition. We say that L H X R is of type ðS o Þ if L is contained in a finite union of G R -closed itgs and areaðLÞ ¼ areaðL X S o Þ 0 0.
Isometries and itgs of H 3
For the sequel, we shall need to exploit relations such as g Á S ¼ S 0 for an isometry g and two itgs S and S 0 of H 3 , at least to characterize G R -closed itgs. All the halfplanes and half-spheres considered in the sequel are implicitely itgs of H 3 .
3.3.1 Of the half-planes 
A G R (cf. proof of proposition 3.4): those elements, which are the only interesting ones for us, will satisfy the hypothesis of the above proposition.
Of the half-spheres
Proposition 3.6. Let the half-spheres S 1 ¼ Sða 1 ; r 1 Þ and S 2 ¼ Sða 2 ; r 2 Þ be itgs of H 3 , N A Z and a ¼ x þ hW A R pr ðNÞ with h 0 0.
Proof. By proposition 3.3, we have aðS 1 Þ ¼ S 2 , aðC 1 Þ ¼ aðC 2 Þ, where C 1 ¼ Cða 1 ; r 1 Þ and C 2 ¼ Cða 2 ; r 2 Þ are the traces of S 1 and S 2 . Moreover,
Direct implication: Assume that aðC 1 Þ ¼ C 2 . Note that z B C 1 otherwise aðzÞ ¼ y A C 2 , a contradiction. Relation (3.4) implies that a ¼ a R a I , where a I : z 7 ! z þ jkj= ðz À zÞ is an inversion of center z and a R is an orientation reversing euclidean isometry of C.
First we assume that z 0 a 1 . Let Inv C 1 be the inversion of circle
All the circles passing through z andẑ z are orthogonal to C 1 because they are invariant under Inv C 1 . Let C 0 be such a circle: a I ðzÞ ¼ y so that a I Á C 0 is a line orthogonal to a I Á C 1 ¼ C 0 , hence a diameter. Moreover it contains the point a I ðẑ zÞ. As a consequence a I ðẑ zÞ, the intersection of all the diameters of C 0 , is the center a 0 of C 0 , and aðẑ zÞ ¼ a R a I ðẑ zÞ ¼ a 2 is the center of C 2 . We set ðz; a 1 Þ X C 1 ¼ fA 1 ; B 1 g and ðz; a 1 Þ X C 0 ¼ fA 0 ; B 0 g, taking here as a convention that the points A 1 and z are on the same side of a 1 on the line ðz; a 1 Þ whereas B 1 and z are on opposite sides. We have therefore A 0 ¼ a I ðB 1 Þ, B 0 ¼ a I ðA 1 Þ and Now we can characterize the invariance of a half-sphere under a hyperbolic element. The following result applies in particular to closed itgs of X R . Proposition 3.7. Let Sða 1 ; rÞ 0 S o be a G R -closed itgs: therefore a 1 0 0:
Proof. Let us take a hyperbolic element g ¼ x þ hW A G R such that gðCÞ ¼ C ¼ By taking the maxima of both sides, we get rjxj þ jhj ¼ rjxj þ br 2 jhj. As g is hyperbolic, h 0 0 and r ¼ 1= ffiffi ffi b p whence S ¼ S o , a contradiction. Therefore a 1 0 0. We shall now assume that q ¼ 1 þ bðja 1 j 2 À r 2 Þ 0 0. By proposition 3.6, the relation gðCÞ ¼ C leads to
If e ¼ 1, we deduce from (3.6 0 ) that ReðxÞ ¼ 0, and this contradicts the hyperbolicity of g. Therefore e ¼ À1, and relation (3.6 0 ) implies that ha 1 þ ha 1 ¼ 0. Summing relations (3.7 0 ) and (3.8 0 ), we get 2b . We shall assume moreover that X R is a manifold of class ðK S 2 Þ. Let L H X R be a non empty set contained in a finite union of G R -closed itgs of X R such that areaðLÞ 0 0, unless L is contained in a finite union of isolated points and Scarring of eigenstates in dimension three closed geodesics, and that is not of type ðS o Þ. Then L cannot be the singular support of an arithmetic quantum limit on X R .
Foreword
First we prove a separation result on such a subset L: Proposition 4.1. Let X R be a manifold of class ðK S 2 Þ. For all non-empty subset L H X R contained in a finite union of G R -closed itgs such that areaðLÞ 0 0, unless L is contained in a finite union of isolated points and closed geodesics, and that is not of type ðS o Þ, there exists a correspondence C separating L.
We shall consider a subset L of a finite union of objects of the same type of X R (a set of points, a set of closed geodesics or a set of G R -closed itgs) and distinguish the three cases in the sequel. The following proposition will be very helpful to prove this result.
Proposition 4.2. Let F 1 ; . . . ; F r be objects of the same type of X R and G 1 ; . . . ; G r a choice of liftings of these objects in H 3 . There exists a finite set F H P such that, given p A PnF, the relation:
Proof. Fix n A f1; 2g and assume that bp i A P,
This element is primitive, otherwise we would haveã a A pR orã a A p i R: if a a A pR for instance, we get a iã a ¼ a i t Comða i Þa ¼ p n i a A pR and a A pR as p i 5 p ¼ 1, a contradiction.
Proceeding the same way with all the indices i A f1 . . . rg and the values of n A f1; 2g, we get to relation (4.1) after exclusion of at most 2r values of p A P, the forementionned set F.
The points
In this section, we consider primes p such that ord p ð2abDD 0 Þ ¼ 0 and
Let L ¼ fx x 1 ; . . . ;x x l g be a set of points of X R and their liftings x i ¼ ðz i ; t i Þ A H 3 for i ¼ 1 . . . l, to which we apply proposition 4.2. For n ¼ 1 or 2, N A F and p A PnF, we take a ¼ x þ hW A R pr ðN n p n Þ such that a Á x 1 ¼ x 1 . By proposition 2.5, we have xh 0 0. By relation (2.3), the action of a on H 3 is
The relation a Á x 1 ¼ x 1 implies that
ð4:2Þ
and
and after division by bm 0 0 we get .3) is strictly positive so that m is a linear function of X and Y . Therefore the middle term in (4.2) is a definite positive quadratic form of X and Y , that we will write 
2 : Y 2 Þ and ðX 3 : Y 3 Þ are distinct points. We can write
The (Vandermonde) determinant of the above matrix is Q i<j ðY j X i À Y i X j Þ A Q Ã so that c 1 ; c 2 ; c 3 A Q after inversion of the linear system. Therefore relation (4.4) becomes kp n ¼ aX 2 þ bXY þ gY 2 where ðk; a; b; gÞ A Z 4 and d ¼ b 2 À 4ag < 0, which implies that d is a square modulo p. We deduce from proposition 4.2 that
Ep A PnF such that ord p ð2abDD 0 Þ ¼ 0;
Scarring of eigenstates in dimension three By proposition 2.2, a and d being strictly negative integers, there exists infinitely many primes p B F satisfying the hypothesis in relations (4.6) and a fortiori (4.5). This leads to Proposition 4.3. Let x 1 ; . . . ; x l be points of H 3 . There exists infinitely many primes p such that: Ea A Rð pÞ W R pr ð p 2 Þ Ei A f1; . . . ; lg a Á x 1 0 x i .
The geodesics
The proof given in [5] still holds; we associate to any geodesic of H 3 a proportionality class of binary quadratic forms (that are complex this time). Using proposition 2.1, we obtain
. . . ; L r be geodesics of H 3 . There exist infinitely many primes p such that:
The G R -closed itgs 4.4.1 The half-planes
In this section too, we consider primes such that ord p ð2abDD 0 Þ ¼ 0 and
Proposition 4.5. Let P 1 be a G R -closed half-plane of H 3 and F a finite set of primes. There exist infinitely many primes p B F such that
and there exists l A R such that
have the following alternative: either jmj þ jnj ¼ jmj À jnj ¼ 2 so that n ¼ 0 and
2 , a contradiction in each case. Hence c ¼ Trðg 1 Þ 2 À 4 > 0 is not a square. As a consequence, the integers c, a and ac are not squares in Z (the two last being strictly negative) so that a and c are 2-independent: there exists by theorem 2.1 infinitely many primes p B F such that ord p ð2abDD 0 Þ ¼ 0 and
By relation (4.7), these primes are the ones we were looking for.
The half-spheres
Proposition 4.6. Let S ¼ Sða 1 ; rÞ 0 S o be a G R -closed itgs of H 3 and F be a finite subset of P. There exist infinitely many primes p A PnF such that 
As a consequence, h 0 0 and we can proceed as in the proof of proposition 3.7: by proposition 3.6,
If e ¼ À1: We get ha 1 A iR Ã from relation (3.6 00 ). Fix 
0 ¼ 1 implies that xp þ yD 0 ¼ 1 holds for two integers x; y A Z (theorem of Bézout). We have then a ¼ xpa þ yD 0 a ¼ xpa þ yDa 2 ¼ pðxa þ yDa 3 Þ A pI since DI 0 H I, a contradicition as a is primitive. As a consequence, l D 0½ p and að1 À 4bjzj 2 Þ is a square modulo p by relation (4.9).
As in the case q 0 0, we are lead to the relation r 2 N n p n ¼ m 2 À bjh 1 j 2 l 2 for integers l, m, r relatively primes. For a prime p such that ord p jh 1 j 2 ¼ 0, we have l 1 0½ p ) m 1 0½ p ) a A pR a contradiction, so that l D 0½ p and bjh 1 j 2 is a square modulo p.
If e ¼ 1: Relation (3.6 00 ) leads to
with X ; Y A Q. After multiplication by ja 1 j 2 , relation (3.8 00 ) becomes
End of the proof: If q ¼ 0, we have h 1 A F Ã and ord b ðjh 1 j 2 Þ is even by lemma 3.1, so that bjh 1 j 2 is not a square. Therefore, there exist infinitely many primes p such that bjh 1 j 2 is not a square modulo p (cf. section 2.2.1). If q 0 0, we have að1 À 4bjzj 2 Þ ¼ ðX 2 À 4ÞY 2 > 0 with ðX ; Y Þ A Z Â Q according to proposition 3.7. As we saw in the previous section, the nonnegative integer X 2 À 4 cannot be a square: there exist once again infinitely many primes p such that að1 À 4bjzj 2 Þ is not a square modulo p. In each case, after the exclusion of the prime factors of a finite set of rational numbers, we still have infinitely many primes p for which: 
Synthesis
Let S 1 0 S o , S 2 ; . . . ; S l be G R -closed
Conclusion
Proof of proposition 4.1: Let X R be a ðK
where the z i are points, the L j are closed geodesics and the S k are G R -closed itgs of X R . We assume moreover that areaðLÞ 0 0, unless L is contained in a finite union of isolated points and closed geodesics. We look for a modular correspondence separating L; to this end, we shall adapt here the method of [5] §2.4.
L is finite: Using proposition 4.3, we finish the proof as in [5] .
L is infinite and contained in a finite union of closed geodesics: Using proposition 4.4, we finish the proof as in [5] . 
The same goes for n 1 ¼ fz A X R =C p ðzÞ X m 1 0 jg and n 2 ¼ fz A X R =C p 2 ðzÞ X m 2 0 jg, so that there exists z A L X S 1 nðn 1 W n 2 Þ. Then we finish the proof as in [5] .
Proof of theorem 4.1: Let L H X R satisfying the statement of proposition 4.1. There is a modular correspondence C separating L. Let n be an arithmetic quantum limit on X R : it is associated to a sequence of eigenfunctions of D and T C . Using proposition 1.1, we deduce that singsupp n 0 L, which proves theorem 4.1.
A Of closed itgs in X R
Let S 0 S o be an itgs of H 3 closed for G R : by proposition 3.4, there exist a compact subset F H S and a group
Ex A S; bg A G 0 ; g Á x A F We set t 0 ¼ inf ft=ðz; tÞ A Fg ¼ minft=ðz; tÞ A Fg > 0 since F is compact.
The half-spheres: We write S ¼ Sða 1 ; rÞ with a 1 A C Ã (cf. proposition 3.7) and r > 0.
For 0 < t < t 0 , we fix x ¼ ðz; 
by relation (2.3). As hz A iR, jx þ bhzj 2 b ReðxÞ 2 > 1 by hyperbolicity of g and
The half-planes:
From relations (1.3) and (1.2), we deduce that jx þ bhz l j 2 > D 02 jhj 2 > 1, whence g Á x B F by relation (1.1). If h ¼ 0, then g Á x ¼ x B F. Therefore: g Á x ¼ ðz z;t t Þ B F for all g A G 0 , a contradiction.
Synthesis:
We have shown that any ðK S 2 Þ-manifold X R contains at most one closed itgs, the projection of S o ¼ Sð0; 1= ffiffi ffi b p Þ in X R . Now, G R acts on the hyperbolic surface S o -which is equivalent to H 2 -as a subgroup of its orientation preserving isometries; we proceed exactly the same way as in [1] §4 to prove that G R nS o is compact for a maximal order R, hence for any order (cf. if R H R 0 is a maximal order, then jG R : G R 0 j < y), so that S o is closed for G R . Then: Proposition 1.1. Let X R be a ðK À Á ¼ 1. For example, a ¼ 2 and b ¼ 13 are appropriate. The properties seen in section 3 still hold. In the definition of the G R -closed itgs, we impose moreover that the hyperbolic elements g ¼ x þ hW considered satisfy h 0 0. This time, the itgs P o ¼ R l R Ã þ j F H 2 is invariant under the action of all the isometries induced by A n R i.e. SLð2; RÞ. Moreover, we see after simple computations that the discrete group G R H SLð2; RÞ has the same action on P o and on H 2 , so that P o is closed for G R for any order R (cf. [1] §4). Now define f ðxÞ ¼ def ImðzÞ t for x ¼ ðz; tÞ A H 3 . It is easy to verify that f ðg Á xÞ ¼ f ðxÞ for all g ¼ x þ hW A G R and all x A H 3 . Let the itgs S 0 P o be closed for G R : there exists a compact subset F H S and a group G 0 H G R such that S ¼ G 0 Á F i.e.: Ex A S, bg A G 0 , g Á x A F. Since the function f is continous on H 3 and invariant under G R , it is bounded on F, hence on S. Now:
If S is a half-plane, its trace is a line D 0 R since S 0 P o . Fix z 0 A DnR and set x t ¼ ðz 0 ; tÞ A S for all t > 0. Then j f ðx t Þj ! þy as t ! 0, a contradiction.
If S ¼ Sða; rÞ is a half-sphere, we have a þ ir B R or a À ir B R because r 0 0: we may assume wlog that a þ ir B R. Set x t ¼ ða þ i ffiffiffiffiffiffiffiffiffiffiffiffiffiffi r 2 À t 2 p ; tÞ for t A 0; r: then f ðx t Þ @ jImðaÞ þ rj=t ! þy as t ! 0, a contradiction again. Hence: Proposition 1.2. Let X R be a ðK S 1 Þ-manifold. The half-plane P o ¼ R l R Ã þ j is the only itgs of H 3 closed for G R ; its projection in X R is thus compact.
Therefore, the lack of closed itgs is not specific to the ðK S 2 Þ-manifolds, as we could have thougt a priori. Moreover, we may verify that P o is the only G R -closed halfplane in any ðK S 1 Þ-manifold, that we also have restrictions on the closed geodesics and the G R -closed half-spheres, which justifies a posteriori our choice to deal with the ðK Since TrðgÞ A Z H R, we have gðD g Þ ¼ D g and g Á P g ¼ P g according to proposition 3.5: the half-plane P g is a G R -closed itgs of H 3 . Let us fix ðt; uÞ A Z 2 and look for an element in G R of the form 
